Plasmas and Controlled Nuclear Fusion by Hawryluk, R. J. et al.
PLASMA DYNAMICS

VII. PLASMAS AND CONTROLLED NUCLEAR FUSION
C. Plasma Diagnostics
Academic and Research Staff
Prof. G. Bekefi
Prof. E. V. George
Dr. P. A. Politzer
Graduate Students
R. J. Hawryluk
1. FORBIDDEN OPTICAL TRANSITIONS IN A DENSE
LASER- PRODUCED PLASMA
In a previous report we compared the theoretical and experimental Stark profiles
of the He 6678 allowed and the He 6632 forbidden lines. Because of uncertainties in
the earlier work, the experiment has been redone more carefully. The wavelength range
that we studied was increased and better data were obtained in the wings of the allowed
and forbidden lines. The number of analyzed wavelengths was also increased. Data on
both sides of the center of the plasma were taken and Abel-inverted to obtain the profile
as a function of radial position.
The plasma was produced by a repetitively pulsed CO laser which produces 1-2 MW
pulses of radiation at 10. 6 r wavelength. The laser light was focused by a germa-
nium lens onto a cell filled with spectroscopic grade helium at a pressure of ~3/4 atm.
The plasma was produced by optical breakdown at the focal spot of the lens. The plasma
was cigar-shaped, with its major axis along the direction of the incident laser radiation.
The light from the plasma passed through a condensing lens, an optical flat, and was
focused onto the entrance slits of the spectrometer. Scanning perpendicular to the major
axis was achieved by rotating the flat optical plate. This focused different transverse
positions onto the entrance slits of the spectrometer. The light from the helium plasma
was focused onto the slits of a 0. 5 m scanning spectrometer provided with a motor-
driven wavelength scan (Jarrell-Ash, Model 82-020) and photomultiplier output. The
output from the photomultiplier tube was fed into an oscilloscope and a boxcar inte-
grator and from there into a strip-chart recorder. The 250-ns gate width of the boxcar
integrator was the time resolution of the experiment. The time delay could be set at
any time in the afterglow of the plasma. All measurements for the data presented here
were made at 5 ts in the afterglow of the plasma.
Detailed spatial and temporal properties of the plasma have been reported
This work was supported by the U. S. Atomic Energy Commission (Contract
AT(1 1- 1)-3070).
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Fig. VII-1.
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Line profile of the He 6678 allowed line and its forbidden component.
Points are the Abel-inverted experimental profile at 1. 1 mm radial
distance from the plasma axis. Solid line is the best-fit theoretical
16 -3
profile to the allowed line corresponding to N = 3. 3 X 10 cm and
T= 18, 000 0 K.
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Fig. VII-2. Line profile of the He 6678 allowed line and its forbidden component.
Points are the Abel-inverted experimental profile at 1. 7 mm radial
distance from the plasma axis. Solid line is the best-fit theoretical
16 -3profile to the allowed line corresponding to N = 2. 0 X 10 cm and
T = 14, 200 0 K.
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elsewhere. We have found that the neutral helium lines are emitted preferentially from
the cool, outer cylindrical gas shell. The shell surrounds a hot, dense core that emits
predominantly ionic lines. The plasma is quite symmetric about the major axis of the
cigar and therefore Abel inversion of the results is appropriate. An examination of the
optics used in this experiment showed that the use of the optical plate to move the image
vertically is justified. 3
One of the results of the present study has been to determine the temperature in the
cool outer halo of the plasma. The temperature in the halo, as a function of radial
position, was found from the ratio of the Abel-inverted intensity of the neutral He 4713
line and the He 6678 line to the intensity of the continuum in a 100 A band centered about
the line. The use of larger wavelength scans enabled us to determine the temperature
in the halo with more accuracy than in our previous report.
At the time of observation, 5 js in the afterglow, the He 6678 line is found to be
mildly self-absorbed (~20%). To show this, light emitted by the plasma in the direction
away from the spectrometer slits is reflected back into the plasma by means of a
spherical mirror. Measurements of the relative increase in the spectrometer output
give the absorptivity of the medium.
A detailed study of the line profile of the Abel-inverted He 6678 (21P-31D) allowed
line and the He 6632 (21P-31D) forbidden transition was performed at two radial posi-
tions in the cool outer halo. The resulting profiles are shown in Figs. VII- 1 and VII-2.
From the computer code used previously, 1 we obtained the best-fit theoretical curve,
using the conventional theory. The temperature values were obtained from the inte-
grated intensity of the line-to-continuum measurement. We found that at r= 1. 1 mm, T=
16 -318, 000 0 K, and at r = 1. 7 mm, T = 14, 200 0 K. The density was varied in 0. 1 X 10 cm
increments. Theoretical curves corresponding to different densities were plotted on
semi-log paper and were positioned to obtain the best fit to the experimental data in the
vicinity of the allowed line. Through the use of larger wavelength scans, we were able
to fit the He 6678 line to the conventional theory in the wings of the line. Thus our
analysis was not dependent upon the peak of the He 6678 line, which, as we have dis-
cussed previously, could have been self-absorbed.
The conventional theory gives excellent agreement in the red wing of the allowed
line. Large discrepancies with the conventional theory are found in the vicinity of the
forbidden line, which cannot be accounted for merely by varying the temperature or the
density of the plasma.
Our dynamic correction factors are obtained by use of Griem's theory, as calcu-
lated by Ya'akobi et al.1 In Table VII-1 RCOR, which is the value by which the conven-
tional theory should be multiplied to account for ion dynamics, is compared with REXP'
which is the ratio of the experimental intensity to the intensity predicted by the conven-
tional theory. There is good agreement between theory and experiment at XZ , which
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Table VII-1. Comparison of REX P with RCO R .
Radial Position = 1. 1 mm
16 -3N = 3.3 X 10 cm
e
T = 18, 000 K
X1(6630) REX P = 0. 51
RCOR = 0.60 Discrepancy = 17. 6%
X2(6654.4) REXP = 1.35
RCOR = 1.46 Discrepancy= 8. 1%
Radial Position = 1. 7 mm
N= 2.0 X 16 cm3
e
T = 14, 200'K
xi(6631.7) REXP = 0.44
RCOR = 0. 51 Discrepancy = 15. 9%
xz(6655) REXP = 1.33
RCOR = 1.37 Discrepancy = 3. 0%
is midway between the allowed line and forbidden line. At the peak of the forbidden
line, there are still discrepancies, 17.6% and 15. 9% for the two radial positions,
respectively. Nonetheless, the ion dynamic correction factor significantly improves
the agreement between theory and experiment.
Previously, we reported good agreement at the center of the forbidden line and not
as good agreement at the midpoint. In the present experiment, through the use of the
line-to-continuum measurement, we have better data on the temperature in the halo.
The use of the observed lower temperature accounts for the change in our conclusions.
Figures VII-1 and VII-2 also show the poor agreement in the blue wings of the forbidden
line. For sufficiently large values away from the center of the forbidden line, the ion
dynamic correction factor should be negligible and the results of the experiment should
agree well with the conventional theory. We see that the experimental values diverge
from the theoretical profiles instead of asymptotically approaching them. Thus the
integrated intensity of the forbidden line is less than predicted by either the conventional
theory or the conventional theory with ion dynamics. Indeed, it is interesting to note
that Lee 5 found in his improved calculations that the integrated intensity of the He 4470
forbidden line did change because of ion dynamics.
Other questions arise when using the ion dynamic formalism. The ion dynamic
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correction factors should be important mainly near the center of the forbidden line and
not in the wings. Yet the correction at the midpoint is quite appreciable and good
agreement between theory and experiment is obtained.
It appears that a complete understanding of the line profile awaits a more compre-
hensive theory, which would allow the integrated intensity of the forbidden line to change
and shifts of the forbidden line to occur because of ion dynamics.
R. J. Hawryluk
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1. ION-ABLATION DRAG MODEL FOR A COAXIAL PLASMA GUN
In our last report, 1 we showed how a simple snowplow slug model for an accelerating
current sheet might be sufficient for analysis of the dynamics of a coaxial plasma gun.
In addition to the usual snowplow pressure, we postulated an effective ion drag force
resulting from the loss of ion momentum as the ion flux at the cathode scatters and
loses (on the average) its axially directed velocity component. Under the assumption
that secondary processes at the electrode could be neglected, it follows by charge con-
servation that the current at the cathode is entirely attributable to the ions; hence, the
I
rate at which axial momentum is lost to the sheet is g e mius, where g 1 is a geo-
metrical factor depending only on the details of the scattering process at the cathode
surface.
It has been found that such a drag force is not large enough to account for the experi-
mentally observed velocities in coaxial guns.2 Furthermore, it cannot account for the
fact that a variety of different gases exhibit roughly similar final velocities when
observed experimentally.3 It seems that a drag force depending on some "external"
parameter, for example, acceleration of the electrode material, might be responsible
for the observed limiting velocities. A two-step process is proposed in which the
cathode ion current causes sputtering of the metallic material (as in typical cathode-arc
sputtering), and the resulting ionization and acceleration of this heavy material results
in the "ion-ablation" drag force. Presumably, this force would be more important in
negative-inner electrode operation, since the ions would be accelerated in a stronger
field (Ez ~/r2) and there would be more drag on the current sheet. Since the force
would also be dependent on the mass (Mab) of the sputtered metal, it might predict the
observed limiting velocities.
This work was supported by the U. S. Atomic Energy Commission (Contract
AT(l 1-1)-3070).
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If we combine this drag component with the sheet momentum equation and neglect
the (usually) small snowplow pressure, we obtain
du + g + f ab) -1 (1)dt m. e 1 2
1
where f is the effective coefficient of sputtering given by f= jsp/ji. It can be shown
that this equation is valid only when u - 21/2 u or 1 - 2u /u << ), where ua is the
Alfv6n velocity for waves in the sheet. This condition will be valid only near the cath-
ode; hence, the momentum equation (1) is an approximation that is valid only for
negative-inner electrode operation. Note that the correct ablation contribution for u >
21/2 u is actually
ab a
fab = g f . 2 e 1i
B 2
a o n.m.
Thus, for f . mi/mab, this can be an important contribution to the total sheet drag
force.
Figures VII-3 through VII-5 give a comparison of theoretical calculations based
on Eq. 1 and our circuit model presented in Quarterly Progress Report No. 105 with
experimental data of Burkhardt and Lovberg.2 For the calculations based on Eq. 1
mab mab
we chose g = 1/2 and f ab = 4 5. Clearly, for >> 1, this indicates that only a
m. m.
relatively small fraction of metal atoms need be sputtered and accelerated to pro-
duce the required drag force.
In all of our work thus far, we have neglected internal plasma resistive effects in
the energy equations (formally equivalent to Kirchhoff's voltage law4 ) under the assump-
tion that they are small and hence would produce a small plasma resistance (compared
with dL/dt, for example). By forming J • E = k( 2) + V nk( m 2 ) + ra dk
and writing v = u + v , we can integrate it over the plasma volume and identify those
portions not directly related to the power input into bulk acceleration. (Care must be
taken to write J = o-(E+u X B) and separate J - E = J2/- + u • (J X B) into a dissipative
term and an F - u power term.) Then, with f J2/o- dv = RI 2 , after some calculation,
we find
RI 2 = R + ei d + + BT1 2 -u 2  + I Vc + k r(T+gT)
p dt e e dt 2
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and R "classical" plasma resistance (a function of T e , Ti). Here the terms containing
the ionization potential i represent power losses caused by ionization of incoming gas
and re-ionization of gas reflected at the walls. The term BT / represents losses
e
from electron Bremsstrahlung radiation. Other radiative terms (such as recombina-
dm2 s
tion) have been neglected. The u dt term is derived from the inelastic collisions of
the incoming ions with the sheet. As compared with the energy E initially stored in
oo 2o e~i dMthe capacitor bank, W = VO RI2 dt is seen to be small. For instance, fO m. dt dt
1
10 joules (for Mf = 10 - 8 kG) << 103 joules. Moreover, the power terms that are due
to ionization will only be significant (10 W) near t = 0, when d/dt is large. Since we
are not concerned with modeling the initial breakdown processes, we conclude that the
neglect of resistive terms in the circuit equation is justified.
We shall continue to elaborate on the proposed ion-ablation drag model. A more
detailed study of the surface (cathode) phenomenon is now warranted and, we hope, will
lead to a justification of the use of this model. When the validity of this model has been
ascertained, new calculations of efficiency may be made with new predictions obtained
for more efficient modes of gun operation.
S. P. Hirshman, L. D. Smullin
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2. FEEDBACK STABILIZATION OF KINK MODES INCLUDING
THE INFLUENCE OF NEGATIVE-ENERGY MODES
Extension of the Energy Principle to Include Feedback Magnetic Fields
We shall extend the energy principle of Bernstein, Frieman, Kruskal, and Kulsrud 1
to include the effects of externally imposed feedback magnetic fields.
First we outline the energy principle and show how it applies to feedback stabiliza-
tion. Then we find the wave potential energy in terms of the wave displacement vec-
tor g, where is a function of (r, 0, z). A relatively simple expression for the wave
potential energy results from using the appropriate form of g(r, 0, z). From this
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expression we then obtain the feedback field required for stability.
a. On the Energy Principle
Consider a current-carrying cylindrical plasma column having a boundary at r = a,
with vacuum between r = a and the surrounding conducting walls and/or feedback coils,
as shown in Fig. VII-6. In the absence of waves (or in the zero-order state), there is
a certain amount of zero-order potential energy, W (magnetic field energy), and kinetic
energy, K, stored within the plasma boundary. In the presence of a wave, W and K
change in amounts 6W and 6K. Here, 6K is the gain in particle kinetic energy as the
particles move in response to the wave electric field. In the zero-momentum frame that
we use here, 6K is positive.
If 6W is also positive, then the net change in total energy, 8W + 8K, is positive. Thus
these waves are stable propagating waves, since for such waves to grow they would have
to be driven by an external energy source to provide the increase in 6W + 6K.
If 6W is negative, 8W + 6K can be zero, and thus spontaneous growth (or decay) of
these modes would be allowed without requiring an external energy source (or sink). For
example, a growing unstable kink mode generates currents; these currents reduce the
stored magnetic energy, thereby providing a source of kinetic energy for the ions, which
are accelerating as the wave grows.
Thus a particular wave will not be an exponentially growing mode if the associated
potential energy change 6W is positive. From this energy-principle viewpoint, the role
of feedback is to modify 6W so that 6W is always positive.
It is customary to break up 6W into three components,
6W = Wf + 8W + 6W v . (1)
Here, 6 Wf is the increase within the plasma boundary, 6W s is a surface term that occurs
only if there is a sheet current at the plasma boundary, and 6W is the net energy loss
from the plasma region to the vacuum region. 6 Wf depends both on the amplitude of the
wave displacement at the boundary of the plasma and on the r, 0, and z dependence
of _ away from the boundary. 8W s and 6Wv depend only on the wave amplitude at the
boundary. Each of these components of 6W can be computed if we know the spatial form
of (r, 6, z). The trick for finding the appropriate spatial form is to use the expression
for 6W in terms of to find the particular perturbation that minimizes 6W. By using
this particular displacement, we can find the minimum value of 6W.
Externally imposed feedback magnetic fields (fields arising from external feedback
currents) can be used to ensure that this minimum value of 6W is positive. In particular,
only 6 Wv depends on these feedback fields; both 6W s and the minimized value of 6 Wf
are independent of the feedback field (at least at marginal stability). Thus if 6W is
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negative in the absence of feedback, then feedback can be used to increase 6W suf-
ficiently to make 6Wf + 6W + 6W > 0.f s v 1 .
The final form of 6W given by Bernstein, Frieman, Kruskal, and Kulsrud is an
v
integral over the vacuum region of the perturbed magnetic field energy. One of their
intermediate expressions is more appropriate, however, for our purposes,
6W_ do- (n )B - curl A, (2)
v 2
which is a surface integral over the plasma boundary. Here, do- is a surface element,
A
n is the outward normal, B is the vacuum value of the zero-order magnetic field, and
A is the perturbed magnetic vector potential. This expression for 6W can be shown
1 V
to be just the time integral from t = -cc to t = t of the Poynting flow, E X B, inte-
grated over the plasma surface. It is this flow of energy from the plasma region into
the vacuum region that can be increased by the feedback fields to increase the stability
of the system.
b. Problem
The particular plasma considered here is a cylindrical plasma column having its
boundary at r = a. The plasma carries axial and azimuthal currents, the radial distribu-
tion of the current is arbitrary but is in keeping with the equilibrium requirement j X B=
Vp, where p is the pressure, and j is the current density.
The kink modes and the feedback system are shown in Fig. VII-6. The kink modes
are helical perturbations about the plasma column. The helical coils have the same
pitch as the perturbation. The feedback currents carried by these distributed coils are
spatially and temporally like the image currents on a conducting wall, except that the
relations of their amplitude and phase with respect to the plasma perturbation are now
kept arbitrary.
The feedback field Bf is shown in Fig. VII-7. Bf is the azimuthal component at
r = a of the vacuum value of the feedback magnetic field, which is the field arising from
all external feedback currents (including image currents on conducting walls). For a
current Kf in the feedback coils, Bf is the vacuum field produced by Kf plus the field
produced by associated image currents on nearby walls.
We give our results in terms of Bf requirements. Thus these results can
be applied to any particular feedback system for sensing the wave and for applying
the required Bf. (The Bf requirements themselves do not depend on such external
geometry considerations but only on the plasma parameters.)
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Fig. VII-7. Kink modes and feedback field.
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c. Evaluation of 6W
In the current-free vacuum region, the perturbed magnetic field, B, can be repre-
sented by the gradient of a scalar magnetic potential 4,
B = V1 (3)
with the condition V = 0. There are two sets of currents producing B, the external
currents plus currents in the plasma. The field contributed by external currents has
the value Bf at the plasma surface. The rest of B is contributed by plasma currents;
the plasma current contribution will be such that its field plus the feedback field will
A -1
satisfy the MHD "field-freezing" or "line-bending" condition on Br = r . B,
Br = i(k Bg)Br r= r=a
where B is the magnitude of the zero-order field B, k11 is the wave number of the wave
A A
along B, and r is r . t, with r a unit vector.
Thus knowing the fields arising from external currents and from internal plasma
currents, we can solve for the field in between these sets of currents and obtain
i(k B )
m +iB r
a iBf (r)
m i t
We have taken both sets of currents to be distributed as exp(imo+ikzz), where m is the
azimuthal wave number. The (a/r)m and (r/a)m are k <<- expansions of the morez a
correct mth-order Bessel functions Km(kzr)/Km(kza) and Im(kzr)/Im(kza), respec-
tively.
n
Relating our results to a torus of radius R by letting kz R and defining
Ba = B r=a
qa = (rB /RB 0 ) r=a= aBz/RBa
a r
=  
rr=a = ao exp(imo+ikzz+yt),
where y is the growth rate, we have
S[ m Bf] (L) (4)
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Thus, for 6W (Eq. 2), we have
6W v  do2- a (B V )
2
= 21TR 1 a dOe aBk ,
where the 2rZR is the associated torus perimeter. Using this value of 4, we
obtain
6W = W (m-nqa)2 + 2(m-nqa) Bfo (5)
ao
a a
B 2
W = 21R(Tra 2 ) a a (6)
o 2 J m
and W is approximately ( ao/a)2 times the energy stored in the poloidal magnetic
o m ao
field.
We see that for Bf = 0, 6Wv is just (m-nq a)2 Wo. With feedback present, Bf/ga
can be increased to make SW larger, and hence to overcome negative contributions
from 6Wf and 6Ws , the other parts of 6W.
d. Surface Term
The surface term 6W is an integral over the plasma surface and, as given by
1
Bernstein et al.,
6W do- (n .)n grad +
s  2 20o
Here grad p + is the jump at r = a in the gradient of the pressure plus mag-
netic field energy density. Such a jump at r = a occurs only if there is a sheet current
at r = a. If I is the total axial current and (l-f)I is the axial sheet current at r = a
z z
producing the jump in p + , then we obtain
20
6Ws = -W [(1-f2)m], (7)so
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where m is the azimuthal mode number, and W is as defined above.
o
For skin pinches 6W s is the destabilizing term, but often there is no skin current
and (1-f) and 6W are zero.
s
e. Interior Term
The evaluation of 6 Wf depends on the spatial dependence of within the plasma,
while 6W 5 and 6W only depend on the amplitude of the perturbation at the plasmaS V
boundary.
One way to compute 6Wf is to make a reasonable guess about what V . is and
how _ varies with radius. Several guesses may give an estimate of how negative 8Wf
might be, and hence guessing is not without merit.
Of greater interest is the spatial form for a(r, 6, z) which gives 6W its minimum
value. There is also a spatial form that minimizes 8W - 8K or 6W/6K, and this is not
necessarily the same form that minimizes 6W. For feedback stabilization purposes,
however, we are interested only in finding the spatial form that minimizes 8Wf, and
hence that minimizes 6W. Then we shall know how large Bf must be so that the
minimized 6W is positive.
The increase in perturbed energy within the plasma boundary, 6 Wf, is given by
Bernstein et al.1 as
6Wf 1 dT Q 2  1 dTj Q X
+ - dT ysp(div ~) + div (~.grad p) ], (8)
where ys is the specific heat ratio, dT denotes volume integration over the plasma
volume, and
Q VX ( X B).
For an ideal MHD plasma, such as we have assumed, Q is the perturbed magnetic field.
As Newcomb 3 has shown, 6 Wf can be partially minimized with respect to 56 and z,
to leave 6W as a radial integral involving only the radial component of . Newcomb's
minimization conditions for 0 and z are more interesting when expressed as condi-
tions on k and rX k' the components along and perpendicular to k. That is, we can
write
A A AA
S=r5 +e 6 + r X kr X
- - r - -- r Xk
where
k=6 +z =k k.
- - r - R -
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(Note: For this definition of k or of n, the condition (m-nq= 0) corresponds to k - B=
0.)
The conditions that partially minimize 6Wf are
k = kr dr (r r )
and
= i( )(n/R)rXk m-nq / k r-
The first minimization condition corresponds to taking 7V - = 0.
n/R
dition breaks down as (m-nq) becomes much smaller than k
Using these values of k and rXk' we obtain 6 Wf as an integral
6 Wf = W 0 a
B0 /r 2
dr B
Sa/a
(m-nq) 2 X 2o +
-2(m-nq) X
The second con-
involving only r'
2Zmr\
a 2 2 1a
ao)
( k Ir2) [(rro] 2}
roQ 2 2(rok r
- 2
-j r/jz X ro
-Z(n/kR) 2ro
The prime denotes a/ar, and jz is the average from r = 0 to r = r of jz' with jz and
j functions of r.
One reason for writing 6Wf in this particular form is that it quickly gives the con-
stant current density result. That is, for z = 0 and (n/R)2 << k2 ~ (m/r)2, 6 Wf comes
simply from the first two terms. For jz = constant, the modes are essentially surface
modes withro having the radial dependence , = (r/a)m - 1. For ' = 0, B /r =ro ro ao z 0
Ba/a, (m-nq) = (m-nqa ), and 6 Wf becomes
50a  ( mr 2-{( 2 (r 2m-26 Wf = W dr 2 2 m-nqa) 
- 2(m-nqa) ao(a
=ao
= Wo [(m-nqa )2 - 2(m-nqa)]'
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When combined with the 6W result (Eq. 6) this result leads to the correct stability
bounds for the constant-current case. That is, with no feedback,
6W = 6 W + W = Wo 2(m-nqa)2 - 2(m-nqa)]
Thus the plasma is unstable (6W<0) for qa such that 0 < (m-nq) < 1.
The next step is to determine the radial dependence of ,ro that minimizes 6W f. The
standard procedure is to use the calculus of variations which says that the Sro(r) func-
tion that minimizes 6 Wf is given by the Euler-Lagrange equation
d ( a
d L ro - ro
where Y is the integrand of 6 W f. This leads to the following equation
r2( rro) + C 1r(rro) + C2(r ) = 0, (10)
where
C 1+ m [o ( o 2mzn)r nqq
1 m - nq m B 2 m
Jz k
r nq 2 l or kk2 rl2 8 p
2 2 2m zr n ok kr PC = {m +k r + m jZr + -2 z a22z m-nq m B z  k2 (m-nq)2 2/ZB 0  o
Here jz and j. are the axial and azimuthal current densities, and p) is joBz -jzB
or j.B.
The coefficients C1 and C 2 are specified once the radial distributions of jll and ji
are specified (or once the pressure and the electric field along B are specified.)
This equation determines L r , which we shall use extensively,
1 ro (11)
r (r ro )
r=a
where (r ro) is the solution to the Euler-Lagrange equation (Eq. 10), subject to the
boundary conditions that ro be at r = a and bounded at r = 0, and L is the fall-
off distance of raro looking into the plasma from r = a.
A simplification occurs on integrating 6Wf by parts. This simplification applies
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only to perturbations ro(r) that satisfy the Euler-Lagrange equation (Eq. 10). Of
course, those are the perturbations in which we are interested. We write 5Wf as
the sum of two integrals
dr /
B a/a
2mr (m-nq) T (r ro)' - (m-nq) r
a2 2ao k2r2/m2
dr 0
2 (ro)
m-nq)2 1 Z m (m-nq)~
2 ro k2 2 ro m
2mr k r
ao 2
r-('r - 2(n/kR) ~ro
z ro ro
(12)
Integration by parts of the first integral gives
6W = W B 2mr m (m-nq)2 2ro (m-nq) r +fWa 2 k 2 r 2  (m-nq 2m r m
a ao 
r=
or
2
6W =W mf = o 2 2 2
m +k a
z
2 =- 1(m-nqa)2 r=a 2(m-nq + r ,
Sao
(13)
where Ir is the remaining integral. The simplification occurs because the remaining
integral I r is zero if r (r) is a solution to the Euler-Lagrange equation (Eq. 10).
So the minimized value of 6 Wf (Eq. 13) is just
2 a/m
6 Wf = W 2 m +2 2  m-nqa L - 2(m-nq , (14)
m +ka r
z 1m
1 (r ro)'
where 
-
r (rg)
is determined from the Euler-Lagrange equation (Eq. 10).
%v- . a 2 2 2
Thus for zero skin current, such that 6W is zero, and for k a << m , we have
s z
6W = 6Wf + Wvf v
with
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a/m z
6W = W -2(m-nqa) +-Lr (m-nqa)
r
and
2 Wfo +2 Bfo (j6W = W (m-nq ) + 2 (m-nq )
or 6W > 0 demands
(m-nqa) 1 + a
6W = W > 0.
-2(m-nqa) 1 - (15)
a ao/a
For stability, BfoA ao must be large enough that 6W > 0, or (for m - nqa positive,
which is the case of interest) Bfo must be
B >Bf o - (m-nqa )  L (16)fo a a 2
If Bf is not exactly in phase with a , this criterion applies to the real part of Bf.
f. Feedback Requirements Including a Sheet Current
If a sheet current is present at r = a, then q and B values inside and outside the
current sheet need to be distinguished.
Let I be the total axial current and (1-f)I be the fraction of I that is flowing in
z z z
a narrow sheet at r = a. Then let Ba be B just outside r = a or
o zB
a -2ra
Then fB is B just inside r = a. With this definition 6W is expressed as before
a 0 v
(Eq. 5), but 6Wf becomes
- a/m 2W = 2f(fmnq + (fm-nq)2Jf a Lr
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aB /R
where W and qa are still given by Eq. 6; in particular, q = . L is still given
SjoIl /2a r
by Eq. 11.
Thus, using the 6W s and 6 Wv expressions from Eq. 5 and Eq. 7, we have
S= f s+ W
-2f(fm-nq a )
+ {-m(1-f 2 )
+ (m-nqa) 2 +
a/m 2
+ -L (fm-nqa)
r
B2 o (m-nqa )
ao
a a
(17)
Or the stability requirement on B for m - nqa > 0 is
f(fm-nqa) + m(1-f 2 )
(m-nqa )
a/m fm-
1+ m-
-(m-nqa) r (18)
Setting f = 1, we can recover the previous form (Eq. 16) which is valid for no sheet cur-
rent.
g. Application of Requirements to Particular Feedback Systems
These Bf o requirements can be applied to particular feedback systems. The simplest
system is the passive one provided by a nearby conducting wall.
A conducting wall at r = b senses the net radial magnetic field resulting from per-
turbed plasma currents plus the image currents of the wall. The image currents (which
in this case produce Bf o ) are such that r=b is zero. Using 4 as given previously
(Eq. 4), we obtain the Bfo produced by these image or feedback currents,
(a/b) 2 maoB =B -a (m-nqa) 2mfo aa 1 - (a/b)2 (19)
Using this Bfo in the Bfo requirement (Eq. 15, under the assumption of no skin current),
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(m-nq 1 + - 2(m-nq) 1 B- fo 0,
a( ao/a)
we obtain the requirement on the ratio (a/b) needed for stability,
a/m1
-(m-nqa) + (m-nqa) 2m r 0
1 - (aL ( b
which, for (m-nqa ) positive, requires that the wall be close enough that
11 (m-nq ) 1 +a/m
2m 2 a L
b) 1( a/m
1 + -L (m-nqa ) 1 L
Thus apparently for any Lr value (for any current distribution), the wall must be
very close in order to stabilize modes for which m - nqa is small.
4
Another feedback scheme has been considered by Arsenin and Chuyanov for a plasma
column carrying a uniformly distributed current (jz = constant). The condition that they
imposed was
= -G -
r=b r=a
where G is a constant. In this system a sensor measures the total radial field at the
surface of the plasma (at r = a). Then feedback currents at r = b (or outside r = b) apply
a field such that the total radial field measured by sensors at r = b is G times the field
measured at r = a.
To apply our stability criterion, we need to know Bfo in terms of G for this par-
ticular feedback system. The magnetic potential has been given. Evaluating the radial
derivative of q (Eq. 4) at r = a and at r = b and setting ' r=b = -G 'I r a' we obtain Bfo
in terms of ao for this system,
(a/b)m ( b
B Bf = a ) (m-nqa) 12 m + G( l) .fo a a a 1 - (a/b)2 m  a
[Note that for G = 0, Bf o equals the Bfo value for a conducting wall (Eq. 19) at
r = b, as it should.]
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Using this Bf o in our stability condition, we obtain
S a/m I(a/b)2mm+
-2(m-nqa) + (m-nqa 2  + b 2m (1 + G( b 0
or the "gain" G needs to be greater than
G > (b - 1 + . (20)
(m-nq a) 2
Arsenin and Chuyanov found a sufficient condition for stability of the m = 1 mode in
a/m
a plasma having uniform jz (where L 1) to be
r
m-nq
a
which does agree with our more general result (Eq. 21) for the same feedback system.
h. Other Feedback Systems
Other feedback systems can be envisioned. For example, an enhanced image-
current system would consist of a coil sensing the total radial field at r = b and an
external coil that sees only the magnetic field arising from the feedback current. The
external coil could be used to subtract that part of B at r = b that is due to the feed-
back current. The net signal from the two coils gives that part of r which is due
to perturbed plasma currents. With feedback current proportional to this net signal
such that the feedback field at r = b is (-G) times this net signal,
r=b coil ar r=b plasma
This system is like a conducting wall with the image current enhanced by a factor G.
Using the relation between Bf and the coil's field at r = b, namely
ar r=bcoil
we have the total field related to G by
r r=b Total ( G (-iBf).
Using the general form for p (Eq. 4) to evaluate ar at r = b, we obtain the rela-
tion between Bfo and G as
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B =B a
fo aa
Using this expression for Bfo in our stability criterion (Eq. 15), we have
(m-nqa ) 2
+ 2m
I1- G( b
2 1(m-nqa) -
a 2
a/m
I Lr 0
Thus a gain G near but no greater than (b/a)2 m greatly enhances the stabilizing
first term. The requirement on G for stability is thus
The upper bound on G occurs because G > () 2 m reverses the sign of Bfo/ ao*
i. Simple Feedback System and External Geometry Considerations
Another feedback system of interest is one that would simulate a wall very close
to the plasma. For several reasons, a magnetic pickup loop could be positioned closer
to the surface of the plasma than a wall could be. If the feedback current (which is
flowing in coils at r = c) is driven so that the net radial flux measured by the probe at
r = b is zero, then the stabilization would be the same as if a wall were located at r = b.
This system has the boundary condition
r=b
-0
which gives
(a/b) 2 m
ao
Bf = B ao (m-nqa) 2mfo a a a - (a/b)2 (22)
and, just as for a wall at r = b (Eq. 20), the plasma is stabilized for some qa values
but is still unstable for qa such that
(23)0 < (m-nq a) <
E[ c2m [ 1( _2m a/m
L
r
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2m
The advantage of this system is that 1 - )2m might be quite small, which would open
a rather wide range of stable q a values. (Note that the unstable range depends on Lr;
but for this feedback scheme, Bfo and Kfo depend only on qa. ) Current requirements
for this system are given below.
j. Relationship between Bf and Kf
Finally, we should state the relation of Bf to Kf, in order to give an indication of
the currents needed for obtaining the required Bfo values. Kf and Bf are illustrated
in Fig. VII-7, with
Kf = Kfo exp(im 0 +ik z+y-t)
and Kf is related to Bf (for Kf flowing at r = c) by
(B Lm-1
f z c/
Thus, for the feedback system just considered, the Kfo needed to produce the Bfo
in Eq. 22 is
K F ao (a/b)2m c m-1
K a (m-nqa) a/b)m ( (24)
fo o a a 1 - (a/b) 2 m
with Kfo in A/m.
This value for Kfo ignores the effects of other conductors. If there were a wall
at r = d (with d > c), then this wall would carry two image currents, one driven by Kf
and the other by the perturbed plasma currents. The sum of the fields, because of the
two image currents, plus Kf gives the net value of Bf. Although the qL expression given
previously (Eq. 4) is only valid out to the feedback coils, it is not too difficult to show
that Brf for this geometry is given (Brf is defined as the radial field at r = a that is
due to all external currents and is related to Bf by Bf = iBrf) by
r - = -i-o K J-d 
-wikllB( aBrf 2m] 2-i C d [ 2m]
or
2 1 - ao (a/d)2m
K= m f- B -- (m-nqa ) 2m . (25)f 0 2m f a a a, - 2m
Sd d-c\a
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This expression, relating Kf, Bf, and a, when Kf is at r = c and a wall is at r = d, applies
to any sensing arrangement.
Thus for the particular sensing arrangement just considered, where Bf is given
by Eq. 22,
2m b )
2 ao (a/b)2m c m-1 - / b mK B a (m-nq) a/b) (6)fo - aa a (a/b)2m a ()2m
This value for Kfo is much larger than the minimum Kf o required for stability, except
near the marginally stable m - nqa value.
The minimum Kfo needed for stability can be found from the general stability rela-
tion (Eq. 15), since from Eq. 25 we know that the relation between Bfo and Kfo is
i-1I - W/ 2 a/d) 2 m
B o K ~ +B ao (m-nq ) (27)fo =2 foc 2m aa a 2mf-1 foc 1-- (a/d)
Substituting this expression in Eq. 15 gives the general stability requirement as
2 a/m 2(a/d) 2m0 < (m-nq) 1 + -+
a L r 1 - (a/d)2m
- 2(m-nqa) - (28)
a 2m
jza ao (d
where
2 a
za o a Jz r=a
Thus the general stability criterion in terms of Kfo for this particular external geom-
etry (but still applicable to any sensing arrangement) (for m - nqa positive) is
K z 1 2 ) { (29
m- -1 d /m - nq a2m a/m
fo >za ao( a 2 m  a 2m d 2 m-  L
d d
QPR No. 106
(VII. PLASMAS AND CONTROLLED NUCLEAR FUSION)
corresponding to the geometry-independent Bfo requirement in Eq. 16.
k. Conclusion
Using the energy principle, we have found the feedback field Bf needed (Eqs. 15, 16,
and 18) to stabilize the MHD modes of a current-carrying plasma. This Bf require-
ment applies to any external coil and wall location and to any sensor-driver arrange-
ment of the feedback system (that is, to any "boundary condition" imposed by a
particular feedback scheme.)
The surfacelike feedback current Kf (units of A/m) needed to produce the required
Bf depends on the external geometry. For the case of distributed feedback coils at
r = c and a conducting wall at r = d (d >c), the stability requirement in terms of Kf is
given by Eq. 29.
Negative-Energy Kink Modes and Their Effect on the Requirement
for the Feedback Stabilization of Kink Modes
a. Introduction
Linear feedback stabilization amounts to applying a Bf large enough that perturba-
tions which are unstable without Bf, with Bf applied and exactly in phase with a'
become stable propagating waves. If the plasma is rotating, it may be necessary to
apply an extra B field to increase the propagation speed sufficiently to avoid the produc-
tion of negative-energy modes.
The problem is that in a realistic system, the feedback field Bf is likely not to be
exactly in phase with a but to lag slightly behind the propagating wave. In a plasma
with no zero-order rotation, all of the stabilized modes have positive .energy and the
unstable modes have zero energy. Then a phase lag is no problem, since it merely
causes some damping of the otherwise purely oscillatory modes. If the mode is a
negative-energy mode, however, then such a phase lag causes growth. Even for
very small phase lags this growth can be unacceptably large.
This phase-lag problem can be illustrated by considering conducting walls having
resistivity r. For rn = 0, a wave of amplitude a induces image currents that produce
a feedback field Bf in phase with a. For finite r, the image currents lag behind the
wave that drives them.
The consequences can be seen from energy conservation. The image current causes
I2R heating. By conservation of energy, as the wall gains energy, the wave must lose
energy. If the wave energy is positive, then the wave amplitude must decrease. If the
wave energy is negative, then the wave amplitude must increase (that is, the wave energy
must become more negative) and so the wave grows in amplitude.
Thus a "lag" in Bf causes damping of positive-energy waves and growth of
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negative-energy waves. Likewise a "lead" turns out to cause a growth of positive-
energy waves.
There are three ways to avoid wave growth caused by such lags or leads: (i) have
no lags or leads in the feedback system; (ii) identify the type of wave and introduce lags
for positive-energy waves and leads for negative-energy waves; or (iii) apply sufficiently
large Bf that all stabilized waves are positive-energy waves and avoid leads by
deliberately introducing a small lag, and hence introducing some damping of the sta-
bilized wave. Only the third seems practicable; hence, we wish to show what is
required to avoid negative-energy waves.
(i) Conservation of Action
Negative-energy modes occur only when the plasma has a zero-order rotation and
the wave phase velocity relative to the plasma is slower than the rotational speed of
the plasma. The waves have positive energy in the plasma frame but can have negative
energy in the laboratory frame. The relation between wave energy and change of coor-
dinate system introduces the concept of action conservation.
The energy of a wave depends on the velocity of the coordinate system in which the
energy is measured. It is 'xpected that the action, defined as the ratio of wave energy
to wave frequency, will be an invariant with respect to change of inertial frames. The
invariance of action corresponds to a conservation of wave quanta as for photons in
vacuum where the observed energy in any coordinate system (lhD) divided by the
observed frequency coD , the Doppler-shifted frequency, is a constant, hD/CoD or h.
The kink modes can also be shown to be action-conserving. To show this, we con-
sider what the wave energy is in nonrotating (with respect to the plasma) coordinates.
By wave energy we mean the change in total energy of the whole system when the wave
is present minus the total energy of that same system without the wave. In particular,
the zero-order system energy may vary with coordinate system velocity. We consider
only the case of a uniformly distributed current wherein the waves are essentially sur-
face waves, and we take the displacement vector a(r, 0, z) as having the spatial form
that has at marginal stability; that is, we take z z 0 and a i , with
S(r)m-1
ar
2
This spatial dependence for (r, , z) pplies to z = z (mnqa).
Thus the perturbed particle motion (for small k z ) is approximately a circulatory
motion in the r-0 plane, with vr and v0 varying with radius as (r/a) m - l , where
v -y va = -i aVr t r r
QPR No. 106
(VII. PLASMAS AND CONTROLLED NUCLEAR FUSION)
and
v6 at - = -i 6"
Here, y is the growth rate (or w = iy is the frequency) in the r expression
m-i
r ao) exp(im 0 + ik z+yt).
If the plasma is at rest in the coordinate system so that there is no zero-order
directed velocity, then the perturbed kinetic energy 6K is
6K = di p r +z2 (30)
where dT denotes volume integration, and p is the mass density. For illustrative pur-
poses, p is taken to be independent of radius (the pressure gradient is taken up by a
temperature gradient). Thus, with the dz integration taken over 2TrR, and r + z+
2 r 2m-2being ao- and independent of 0 and z, we obtain
ao a
a  P * 2 2m-2
6K = 2TrR dr (2Trr) y (r/a)2 ao
2
= R a 2 o(opa 2 /B 2
2m ao o a
Together with this wave kinetic energy, there is the wave potential energy 6W, which
for (rr )'/(r r) = m is
6W = WoP, (31)
where
W = 21R(a ) B /2o1 - /a ,
o a om ao
and
= 2(m-nqa) - 2(m-nqa) + 2(m-nqa) (32)
For unstable waves the total wave energy 6W a K must be zero, since the wave/a)
For unstable waves the total wave energy 5W + 6K must be zero, since the wave
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grows or damps without any energy being added or subtracted by an external source.
2
For growing (or damping) waves yy is just yr' r = real part of y. Thus, with
6K = Wo opa 2 /B 2 (33)
and
6W = WoP,
we have (6K+6W= 0), which implies
o0 r -Wo
w a
This, with no feedback (Bf = 0), means that growing waves can occur for qa values such
that 0 < m - nqa < 1.
For stable waves, yy is w2 and 6K is still positive. 6W is also positive and
equal to 5K. That is,
a
Thus the total wave energy UT for a propagating mode is
UT = 5W + 5K = 2W o. (35)
These wave energies are for the coordinate frame moving with the plasma.
(ii) Wave Energy in a Rotating Frame
Now consider a coordinate system rotating with angular velocity a8/at or veloc-
ity v o ,
v0 = r a= r vOa'
As viewed from this coordinate system, the plasma has a zero-order rotational velocity
of (-v 0 ). Also, if co denotes the wave frequency measured in nonrotating coordinates,
then the frequency in the rotating coordinate system c is given by
m mWo -- V = -- V0o r 0 o a Oa
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Besides the frequency shift caused by change of coordinate system, there is a new
contribution to the wave energy. In the new coordinate system, the plasma has a finite
zero-order azimuthal rotational velocity (-ve). This zero-order velocity, when dotted
into the perturbed velocity times p, contributes an additional kinetic piece to the wave
energy. This new contribution, which we denote 6 KR
, 
represents the increase or
decrease in the energy stored in zero-order rotational kinetic energy. When this
decrease in rotational energy is larger than 6W + 6K, the wave energy is negative.
a
6 KR is the volume integral of p(-v) at and is second-order in the wave amplitude;
p(-v 0 ) a is first-order, but it goes as cos me and the average over 0 gives zero
everywhere, except in the region between r = a - ao and r a + ao cos m. Thus the
fraction of the volume making a net contribution to 6K R is first-order in ao/a, which
makes 6 KR second-order in ( ao/a).
Vp = -iV
~ Vp. Is Fig. VII-8.Vp - NEGATIVE IN
POSITIVE IN THIS REGION Particle motions for a stable wave. Illustrating
the change in wave energy for coordinate system
velocity v6, or correspondingly plasma rota-
Stional velocity v . Particle motions are for a
wave with positive (+6) phase velocity relative to
the plasma. Shaded region gives the net contribu-
ooI tion to 6 KR.
Vph Vphaseo 
- Vp
The relevant particle motions are shown in Fig. VII-8. The direction of 8 06/at at the
peak determines the sign of 6K R . Of the two stable roots of the dispersion relation, it
is the wo > 0 root that has a8 /at positive at the peak and negative 6K R , while the wo <0
root has a8 0 /at < 0 at the peak and positive 6 KR. Thus the mode whose phase velocity
(or frequency) is reduced in going from plasma coordinates to rotating coordinates has
6 KR negative.
Now, to compute 6 KR
, 
we have
5KR = dT p(-v 6 ) -i
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or, since the integral over r = 0 to r = (a- ao) gives zero,ao
S 2 Tr
K R  = 2 TR 0
a d r= a+ ao cos me
r=a ao
ao
Now a8g/at is related to o and ao by ga0O ao a
a o
at
r=a
dr 
-v0 tp .
= -i g r=a and by
- -i = ao cos mO.
ra =
Thus
K R = 2nR a dO [p(-va)(ooao cos me)] [ao (1 + cos m)]
= -W (p[oa 2 /B 2 V m a
Oa a ea o"
m
Noting that the frequency is o= - va and
6K W 0 ( pa 2 /B 2 o'2
we have
8KR = -2(6K)
O'
or, since 6K = 6W for propagating modes,
6K R = -2 6W
(iii) Total Wave Energy and Conservation of Action
Thus the total wave energy UT is
UT = 6K R + (6K+6W)
= 6K R + 26W
S-(26W) = UTo
o To0 0
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where UTO is 6K + 6W, the total energy as measured in the plasma frame. So, finally,
we have the conservation-of-action result,
UT UTo U
- or - = constant. (39)
0
Thus the ratio of the measured energy to the measured frequency does not depend on the
rotational speed of the coordinates in which the measurements are made.
b. Negative-Energy Waves
An alternative form for the total wave energy is
Vph
UT = - UTo' (40)ph 0
where vph and vph are the phase velocities as measured in the rotating frame and
in the plasma frame, respectively. So if vph/Vph is negative, then UT is negative.
Thus negative-energy waves occur when the plasma rotation is faster than v pho, and
hence the direction of the phase velocity is reversed. Now stable waves come in
pairs with phase velocities (relative to the plasma) in opposite directions. With Ivoa
larger than IvphoI both modes have vph in the same direction, and one mode can be
termed the "slow wave" and the other the "fast wave." The "slow wave" is a negative-
energy wave.
c. Conservation of Action for Unstable Modes
The unstable modes have 6K positive and 6W negative, with 6K equal to (-6W).
Thus the total wave energy in the plasma frame is UTo = 6W + 6K = 0. When the prob-
lem is examined in rotating coordinates, there is again a new term 6KR because of the
perturbed velocity dotted into the zero-order velocity, but 8a /at now goes as sin me.
Thus, the 6K R integration outside r = (a- ao) is a do integration over sin mO cos me,
rather than cos2 mO, and gives zero. With 6KR zero, U T is still zero in rotating coor-
dinate systems; hence, action conservation holds.
d. Growth of Negative-Energy Modes Because of Finite-Conductivity Walls
We have mentioned that resistive phase lags cause growth of negative-energy modes.
We can compute the growth rate from the wall heating and conservation of energy. We
now consider that the plasma actually has a zero rotation in the laboratory frame, say,
QPR No. 106 104
(VII. PLASMAS AND CONTROLLED NUCLEAR FUSION)
induced by a zero-order radial electric field.
The image current Kf wall flowing in a conducting wall at r = b is
-iwt
Kf wall Kf wall exp(im + ik z -it) Kf wall cos m e
o o
as shown in Fig. VII-7, and the magnitude that makes B r r=b zero is
m+l 2m1)r
K 2 - - (m-nqa) 1 a . (41)f wall - a a) b
For a wall with small but finite resistivity -q, the current has essentially the same
magnitude and can be taken to be flowing within a skin depth A of the wall surface at
r = b. Thus dH/dt, the wall heating rate for a section of wall, 2 rR long, is
dH 2rR (Kf wai cos modH= 21TR b dO ] Adt a
or
dH R( ZTrb )( K (42)
d-t 2 f wall
Conservation of energy demands
dH d (43)
+ (U T) = 0, (43)
where UT is the total wave energy in the wall frame, and is related by conservation of
action to UTo, the total wave energy in the plasma frame. If the centrifugal force cor-
rections are negligible, UTo will still be 6K + 6W = 6W, with 6W = W Pwall' where, for
small 71, in order that the in-phase component of Bf will be as in Eq. 33,
Pwall wall, i=0 = 2[(m-nqa 2/(l-aZm/b2m) - (m-nqa)]. (44
Thus U T is related to Pwall by
U U ZW PUT . To - o wall
o o
= I 2W P (45)
v o 0owall'
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Combining these relations, we obtain yH, defined by
1 dUT
H U T dtT
or
1 dH
S(-UT)
co
which is positive if vga> - , so that UT is negative.
m/a
Using the values for dH/dt from Eq. 42 and for U T from Eq. 45, we obtain
S m/b 4(a/b) 2 m (46)1 = Zwall \o- 1 . (46)
(1-(a/b)m) pho
1]=0
This result for yH agrees with Rutherford and Furth's resistive-wall report,- in which
they refer to these resistively growing negative-energy modes as pseudo kinks.
For a nonrotating plasma (vga = 0), yH is negative and the waves damp as expected.
The damping rate is rather rapid for Tokamak-like conditions, especially for small
S -4 5
pwall For copper, 1 10 02 at 10 Hz and that gives
03 _ m(a/b)Zm L v a
YH 10 - - 1].H (1-(a/b)2m ) ZwallV p h
The quantity in brackets is of order one for low m-number modes that are not too far
from the unstable range for m - nqa zero to 1 - a- , which gives a damping time of
the order of a millisecond for no rotation (or for vOa << vph ). Likewise, if vOa is twice
v ph, then the growth rate may be of the order of a millisecond.
Aside from the necessity to conserve energy, the resistive wall effects can also be
thought of as resulting from the phase lag of Bf behind the wave. Consider the case in
which v a is zero and the waves are damped by the resistivity. As the wave propagates
along the wall, the image current Kf wall in the wall lags behind the boundary displace-
ment a by an "R/wL" phase lag. By computing the magnetic energy produced by Kf wall'
the inductance "L" can be computed, and the "R" is related to the ratio of resistivity
to skin depth, (i]/A). (A is related to Tr and to the frequency, but it is much clearer to
leave the results in terms of A.) The phase lag "R/wL" or m(A6) is found to be
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m(AO) = i i /b- (47)
b _
Thus Bf, the azimuthal component at r = a of the magnetic field produced by Kf is
B Bf, : -( m/b =( 2 ' (48)f f , q=0 A [I2 m1- -
under the assumption that for small q the component of Bf in phase with a is still
Bf, 9=0 (Eq. 19).
We now obtain the damping rate by using this Bf in the dispersion relation
P(oa 2
6K = W =o a 5W =W ,
where
2 Bf/ap= 2(m-nqa) - 2(m-nqa ) - 2 (m-nqa)
Ba/a
with Bf, now complex, given by Eq. 48. With p complex, when the real part of p is
positive and the waves are propagating waves of frequency c, c has a small imaginary
part, a growth rate yH' which can easily be solved for in the approximation that the
real part of w is essentially the same as for r1 = 0 (that is, we take the real part of P
to be P wall ) The result is
7=0
1 ( m/b 4(a/b)2 m
-H = 2Pwall A / [1 -(a/b)m2m] 2
as we found for v6a = 0 (Eq. 46).
Similar conclusions about damping or growth can be reached by examining the elec-
tric field arising from the time rate of change of Bf.
e. Need for Extra Bf to Avoid Forming Negative-Energy Modes
We are led to the conclusion that unavoidable (perhaps desirable) phase lags in Bf
will cause non-negligible growth of negative-energy modes. Thus we want all stabilized
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modes to be positive-energy modes, which requires that the part of Bf in phase with
a be large enough that the stabilized mode's phase velocity relative to the plasma be
larger than the rotational velocity of the plasma.
The phase velocity relative to the plasma depends on 6W, with 6W depending on Bf.
Since 5W = 5K for propagating modes and 6K is related to the phase velocity relative
to the plasma by Eq. 16, we see that Bf must be such that 6W (or 6K) is greater than
6K m , the 5K value for a wave having vph equal to v. That is, we require
o a Ga
2 22
myOa 0 B2 a Oa) 0 o 2 /Pilo a6W (6K0m a) = W ( 2)a 2 )
For such W, vph > va and no negative-energy waves can occur.
In terms of P, where 6W = WoP, and p depends upon Bf, as given by
2 Bf/ a
= 2(m-nqa ) - 2 (m-nqa) + (m-nqa a
Ba/a
all stabilized modes will have positive wave energy if pr, the real part of p, is
2
2  v 6 a
r Ba/ o
f. Changes in Stability Requirements because of Finite Wall Resistivity
or the Necessity of Avoiding the Presence of Negative-Energy Modes
The p requirement described above demands a larger Bf than is needed for the sta-
bility requirement p > 0, as is appropriate for nonrotating plasma.
The origins of the increase in feedback requirements are qualitatively interesting,
but quantitatively small, for likely rotational speeds in Tokamak-type devices. For
example, a radial electric field of the order of KT./ea is reasonable, and for the extra
p needed gives
v2a nK T . m.v./eB]
a 0 Ba o a
where KTi/e is the ion temperature in volts, m. is the ion mass, and v. is the ion1 1 1
thermal velocity. The first bracketed quantity is the poloidal beta which is likely to be
around unity, while the second bracketed quantity is the ratio of the ion gyro radius to
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the plasma radius squared, which is small.
Also small is the correction to the usual range of unstable qa values for kink modes
partially stabilized by a conducting wall at r = b. For a perfectly conducting wall the
stability criterion (for constant current density) is
(m-nqa)2
p = 2 - 2(m-nqa)> 0,wall 1 - (a/b)2 m  a
or the plasma is unstable for qa so that
2m
0 <(m-nqa) < 1 - ()
If the plasma is rotating, half of the barely stabilized waves (the "slow waves") will
be negative-energy waves. Thus for finite r, we need qa values such that
2
v2 Va
wall B2
in order to avoid the production of negative-energy kink modes, which would grow for
any finite wall resistivity. Thus the (m-nqa) range for which the plasma is unstable
is widened to
2 22 v 2m 2 va
m Oa < (m-nqa) < - m a (50)
2 2 Ba/po
but again the correction is small.
R. S. Lowder, K. I. Thomassen
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1. RESONANT SCATTERING OF TRAPPED PARTICLES BY
TOROIDAL PLASMA MODES
In two-dimensional plasma configurations electrostatic modes are shown to be
excited with frequency and parity characteristics such as to affect significantly the orbits
("quasi bananas") of trapped ions by proper mode-particle resonances. Processes of
this kind, in fact, may provide an effective scattering mechanism in regimes where the
single-particle collision mean-free paths are considerably longer than the periodic par-
ticle excursions.
It is expected that in magnetically confined plasmas wherein the collisional mean-
free paths are much longer than the periodicity length of the lines of force, the major
transport parameters will be only partially accounted for by the effects of single-
particle collisions.l An aspect of this circumstance is the observed absence of current
skin layers in diffuse-pinch experiments, which is contrary to what would be expected
when considering only the effects of collisions on the plasma electrical resistivity and
electron thermal conductivity. A related question is whether trapped particles, in a
toroidal magnetic configuration, can be lost by large-scale instabilities in the high-
temperature regimes where the effects of collisional scattering become negligible, as
indicated by the theoretical analysis. The fraction of trapped particles is, in fact, more
than half of the total population in most of the diffuse-pinch experiments now being
realized.
This work was supported by the U. S. Atomic Energy Commission (Contract
AT(11-1)-3070).
TDr. D. Bruce Montgomery is at the Francis Bitter National Magnet Laboratory.
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We find that collective modes capable of causing resonant scattering of trapped ions,
in fact, can be excited, under realistic conditions on the ion temperature and density
gradients, in two-dimensional plasma confinement configurations. A significant asymp-
totic limit also exists in which the influence of the excited modes on the trapped-particle
orbits can be evaluated analytically.
We represent the toroidal magnetic field by B = B[1 + (r/Ro ) c o s  -1 , where r is
the magnetic surface, and 0 and t are the poloidal and toroidal angles, respectively.
An important class of modes that can be excited, in the limit where 8TrnkT << B , is elec-0
trostatic (E = -V1). Since the equilibrium configuration is nonhomogeneous in 0, the
normal-mode solutions for ( of the linearized plasma equations are of the form - =
So o(r, 0) exp(-it+im 0 -ino), where mo and no are integers. We indicate by X
m ,n
the rationalized rotational transform (XR oB /(rB )), and, in particular, consider
modes that are localized in the radial direction around a rational surface r = r such
o
that x(r ) = no/mo. The electric field E = E 1  B/B associated with these modes is
E I -(1/r )(a/8) m(0), where we define m(0) o o(r , 0). Therefore the 0
m ,n
dependence of cm is an important feature in determining the resonant interaction
between particles and excited modes. Notice that the magnetic field B - B is minimum
about 0 = 0. Then, with reference to this point, the modes under consideration can be
2
distinguished as odd and even. The corresponding field E is even and odd about
0 = 0. We shall not consider flute modes for which (a m/6)/bm , and therefore E
is insignificant. Consequently, all modes of interest propagate along the toroidal (i)
direction with phase velocity vph = wR/no
It is clear, then, that odd modes tend to affect the dynamics of deeply trapped par-
ticles more than even modes. For this reason, we made a survey of the modes that
can be excited in a typical diffuse-pinch experiment and found that their frequency of
oscillation w is likely to be closer to the ion average bounce frequency, ( b) i, than
to that of the electron. Therefore we were led to consider resonant scattering of
trapped ions, and to focus attention on modes that are not heavily damped by wave-
particle resonances when w (b)i. Such modes can be visualized as a kind of nega-
tive energy waves,3 in a proper frame of reference, whose instability can be associated
with dissipative effects or Landau dampings in collisionless plasmas.
The modes that most closely fulfill these requirements are driven by the ion tem-
perature gradient. The stability properties of these modes in the two-dimensional equi-
librium configuration that we are considering are substantially different from those
that are found in a one-dimensional configuration. It has been suggested that ion
temperature-driven modes play an important role in determining the ion thermal-energy4
transport across the magnetic field in Tokamak experiments. We analyze the limit
< (Wb) i < (wb)e and decompose m(6) in harmonics of the orbit periodicity
QPR No. 106 111
(VII. PLASMAS AND CONTROLLED NUCLEAR FUSION)
m = () bexp[i2pw ] where t = R f de,'/(v,,X), X = E/p, E = mv + v2) is the
particle kinetic energy, = myv/B is the magnetic moment, = 2Tr/, T= R 0 do/(vlX)
for trapped particles, and -r = R f04 r d6/(lX) for circulating particles. 1 For circu-
lating particles, wb has the sign of v I. In particular, for odd modes the average poten-
tial over a particle orbit (o) = T-1 R do m ()/(xl) = 0. Therefore 2 the perturbedm R
electron density is simply n = en~l/T . Notice that, since n and ' are in phase, noe e e
particle loss is caused by these modes. The assumed ion equilibrium distribution is of
A A
the form f = fMi(l + fi) fi= -(v l/Qi)[(dn i/dr)/ni-(dTi/dr)(3/2-E/Ti/TTi], Qi= eB/(m c),
and fMi is the Maxwellian. The expression for n. is then obtained by integrating the
Vlasov equation along particle orbits in the zero Larmor radius limit.
0~ 1 3-
n i = -(en/Ti) m - n 1  d v f i[c-Wi + WT (3/2 -E/Ti)
I [.(P'() exp(i2p b t)/ 2P b ,  (1)
p
where ,i = -(mo/r)(dn/dr)cTi/(eBn), and wT. = W*i(d lnT /dr)/(dlnn/dr). Then we
1
consider the quadratic form which results from the quasi-neutrality condition expressed
as 0 df ' * (n. -7 )/B = 0, where df = R d6/1,
O+T/Te) n d m 2 /B - ( /2)(2/m) 2  P fMi b)
pf0
In the limit w < (W)i < T. i we obtain
1
(l+Ti/Te) dl rm 2 /B + 0 Ti)/(4 )  d (L 3 (X)/v hi) 2/p 2
p O
- iw 3T /2-w*i 85/2) dX L 4 (X)/vhi (P)() 2/Jp 3 = 0, (2)
pf0
where 2Lo() = d/(l-XB)1 / 2 and vth i = (2Ti/m )1/z. This equation shows that
instability occurs for
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dT.1 1 2 1 dn> (3)T. dr 3 n dr
1
We recall that in a one-dimensional configuration, 5 instability can be found only if
d In T./dr > d In n/dr and by considering very short wavelengths, of the order of the
ion gyro radius.6 For the present case, the frequency c can no longer be considered
smaller than (Wcb) i , and the expansion leading to Eq. 2 is not valid in the limit when
d In Ti/dr tends to equal d In n/dr. The difference between the nature of the dispersion1 5
relation for a one-dimensional geometry, as given, for instance, by Galeev et al., and
the one presented here arises because in the former case Landau resonances c =
kll v are involved, with no constraint on the value of vi (kll is the wave number in the
direction of B). In our case the relevant resonances are of the form c = cob(E, [) and
involve a considerably smaller portion of velocity space (in practice, surfaces of con-
stant E). The instability criterion (3) would have been slightly modified had we con-
7 A
sidered a collision-dominated equilibrium in which the expression for f. relevant to
circulating particles is different from the one assumed here.
The particle equation of motion in 0 under the influence of the fluctuating electric
field can be derived from
(dE/dt) = -ev - VD = -e(d /dt - 8(/at),
where vl 1 = (d/dt)(RO(t)/X). Neglecting the magnetic curvature drift, as allowed by a
realistic choice of parameters, we then have
2 A
= Wob(a/ c)(d m(0)/dO) cos (ct), (4)
where c = (iBoXZ)/(mRZ)(r/Ro) represents the bounce frequency of trapped particles
with amplitudes 0 < (6) /2' c is a typical amplitude of the fluctuating potential, and
a = ecR/(B or). We consider the case of deeply trapped particles with excursion
amplitudes such that (d/dO)cm (c/od) ( 1 +a 2 + 4 +... over them. Then, for
a 2 2 < 1, Eq. 4 becomes
+ - 83/6 = a cos wot , (5)
here to = tob o = o/ob and a = (/od) (ec /Ti)(R /rod), since we refer to reso-
nances with trapped ions. Note, for instance, that if e /Te 2 oX 10-2 R/(rod)
6
,
and Te ~ 2T., the parameter a is not a really small number. The solution of Eq. 5 can
e 1
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be written 7 in the form 6 = 2X(t o ) cos [oto- 0 (to)], where the amplitude X(to) satisfies
4 2
x /4 + 2X (w0-1) + ax cos 4 = c. (6)
The constant c is determined by the initial conditions, and the phase 4 is given by
dl/dto = (1/4)X + ( 0-1) + (a/4X) cos L. The limit a = 0, where Q = (o o-1)to and X =
const, corresponds to the unperturbed "banana" orbit in the torus. In the same limit,
if we introduce Van der Pol coordinates a = 2x cos 1 and b = 2 x sin i, these orbits cor-
respond to circles centered about O. The amplitude of the oscillation is represented
by the polar vector rotating in time around O. We recall that trapped particles corre-
spond to a pitch angle range -r/Ro <A - 1 < r/Ro, where A = iBo/E, and that 2x2Ro/r
1 + r/R - A when a = 0. When a > 8o 0 -1 3/2 the resulting orbits ("quasi bananas")
correspond to the representation in Fig. VII-9. In particular, different orbits corre-
spond to different initial conditions. The point P is such that OP ~ 2a1/3 and repre-
sents the amplitude that the oscillator would reach in the presence of damping. An
Ib
Fig. VII-9. Family of quartics described by Eq. 4 for/ (W/ ob)-1 < 0 and different values of the
C= parameter c. An orbit with an amplitude
OA at an initial time will develop an ampli-
tude OC if a f 0. For (W/Wob)-1 > 0 the re-
sulting quartics have only vertical tangents
at the two points intersecting the a axis.
C
amplitude of the same order of magnitude is obtained, in the absence of damping, when
the time average of X2 (t) is performed. In particular, this average can be evaluated
by the cyclic integral ' x2 () di. In conditions of strong resonance, for orbits that are
small initially 10 (t = 0) << 2a1 ,1 we find X = 2a2/3. Other quantities of interest
are the time tm needed by a small orbit to become large (more precisely to reach the
point rr/2), and the time tM during which the orbit remains large. These quantities can be
estimated as tm r0 /(awob) and t M2nr/(a2/3oob). In conclusion, the small orbits
become large in few bounce periods and then they stay large for a longer time, as tM>tm.
A survey of the even modes9' 10 that can be excited in the limit o< points to
those which can be associated with the toroidal magnetic field curvature drift of the
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guiding centers. The eigenfunctions 4m((), which characterize these modes, are peaked
in the region where the magnetic curvature is favorable. Therefore the effect on the
mode stability of trapped particles with large excursion angle tends to prevail over
that of the trapped particles with small excursion angle, which are subject to unfavor-
able magnetic curvature. This is indicated by a quadratic form, which can be derived
by substitution from Eq. 2, and can be written as
w(2/m )2  dEd fM. 2w/ bi (p) 2 2 - T ,O) '(0) 2
4 5p
+ iwj /(45/2) d (L4(x)/v) i (\) 2 /p 3, (7)
p¢O
where Di (l/T) d WDi vI , and wDi no(d /dt)D, with (d /dt)D the angular drift
velocity arising from magnetic curvature. 1 The presence of a temperature gradient has
been omitted for simplicity, and ( )i < < i' b )i The relevant profile of the
(0)
eigenfunction Cm(() is such as to make the contribution of the term :oi Di tive. It
appears impossible to study the influence of these modes on the orbits of trapped par-
ticles with relatively large excursions by reducing Eq. 4 to a simple form.
In conclusion, the orbits of trapped ions which in the absence of fluctuations would be
"bananas" localized in the region of unfavorable curvature can acquire a considerably
large amplitude and reach the region where the magnetic curvature is favorable when
the modes with w < (<b) i are excited. As a result, the average magnetic curvature
seen by the majority of trapped particles in their orbits may prevent the appearance
of magnetic curvature-driven modes and purely growing modes,
9 with characteristic
-1
times considerably longer than (cb) i
It may be possible to interact with trapped particles if we attempt to enhance the
amplitudes of the considered modes from the outside. There are obvious experimental
difficulties for this. An oscillating voltage applied between two probes along the torus
could produce the desired excitation locally, thereby enabling the modes to select their
own toroidal wave number; however, a radial voltage drop may require too large a
current to produce a sufficient electric field inside the plasma. Alternatively, the elec-
tric field could be created by induction, for example, by a local bar system, but could
still suffer an appreciable radial voltage drop.
We are indebted to L. Th. Ornstein and J. Rem for many friendly discussions.
B. Coppi, E. Minardi, D. C. Schram
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2. CAN ALCATOR REACH THE BANANA REGIME?
Introduction
Although it is hoped that the feasibility of the Alcator technological principlel will
soon be demonstrated, the long-range significance of this experiment lies in the study
of toroidal plasmas in the "banana regime." The study of trapped-particle effects on
neoclassical and anomalous transport is paramount to the success of the use of Tokamaks
as fusion reactors. It is therefore of interest to delineate the operational parameters
required to produce a "long mean-free path" plasma in machines such as Alcator. The
results presented in this report are sufficiently general to be of interest for other
Tokamak experiments.
2Following, for example, Kadomtsev and Pogutse, we find that the condition for
900 3/2 A
reaching the banana regime is v < 3/2 tr where the inverse aspect ratio E =
A tr900
r/R, the transit frequency tr = th/Rq, the "safety factor" q = rBto/RB ol and v
900 -1Jt o( ) 1 is the 900 scattering frequency. We define
3/2 e 900
e tr e
(1)
X. E 3/2 W i -
9 0 0
I tr i
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and delineate the loci Xe = 1, X = 1 in a parameter space spanned by E, T e, i' n, z,
assuming that R and an average value for q are given (z is the ion charge number).3
For the collision times we take Braginski's definitions:
3 - T 3/2
e
e 4- nz e In A
3 -M T.3/21
4T nz 4 e4 4 n4q- - nz e In A
The extra z
realistic ally,
Princeton ST
applies if both the scattered and the scattering ion have charge z. More
assuming a hydrogen plasma containing impurities with zeff f o -4 (cf. the
results4), we take
3f- T 3/2
e
e 4 nz e4 n A
eff
3 ~ T.3/2
1
"= 2  
4 inA
4 --- nz e In A
so that
)3/2
Te Te
We find it convenient to scale
classical electron radius,
2
e -13
r - -2. 8X 10e 2
me
(2 a)
(2b)
(2c)
Te by the electron rest energy (511 keV) and R by the
cm.
Then, with T = mv 2 /2,
e e
4
3/2 e 3 m
e Rq 16 -- nz2e4 In A
E 3/2(3/16)- ) (2/51)2 (TekeV )
2
2. 82 X 10-2 6 nRqz In Aeff
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We take In A 20 and obtain
(TekeV) 2
x (r) E 3/ 2 . 03 X 105
nRq zff
and
V/i . TT.
X.(r) E WtrTi = i X = X1 tr 1 VT e T e
ee e
(4)
A 13 3Here, n is measured in units of 10 /cm and R in cm. This shows the strong depen-
dence of the banana-regime criteria X . > 1 on the minor radius r = ER. In fact,
e, 1
there will always be an inner region which is in the plateau regime.
Results
For Alcator, R = 54 cm, 0 < r/R - 0. 185. We assume
average values for n and T. Figure VII-10 shows T vs
13 14 e4), for n = 10 , 10 , zeff = 1,4.
For the electrons, Fig. VII-10 depicts the function
an average q = 2. 5 and also
E (from X = 1, Eqs. 3,
e,i 1
crit z3/ Rq/1. 03X105
e =eff
A1/2 -3/4
= Zeff n E 0.0362.
To find the corresponding curves for the ions, we see from (4) and (3) that
keV 2
3/2 (T5eV)X. =E A 1. 03 X 101 ^ 2
nRqzeff
so that the boundary X. = 1 is given by1
crit flE 3/Ti.() = Zeff
(6)
Rq/1. 03 X 105 = T e crit (E).
Therefore, as long as the main ion species is assumed to be hydrogen (z = 1), the curves
in Fig. VII-10 can also be used to determine the ion regime. If z.on > 1, however, z.onion ion
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times the z= 1 temperature is needed for the ion species to reach the banana regime.
Discussion
a. Room-Temperature Operation of Alcator (B = 30 kG, plasma radius, 10 cm).
According to Lidsky and Lecomte,5 we expect
For n = 1013/cm 3
For n = 1014/cm3
Then, from Fig. VII-10, for
: T 1.
e
: T ~ 0.
e
8 keV, T. ~ 0. 2 keV,i
39 keV, T. ~ 0.33 keV.
1
Zeff = 1, all of the electrons and half of the ions are in the
Fig. VII- 10.
Sn=10, Zeff = 4
n=1013, zeff=4
=10 14/cm
3 ,
ef f = 1
0 0.05 0.10 0.15
R
Radial extent of plateau and banana regimes, with hydrogen
as the main ion species. (q = 2. 5, R = 54 cm.)
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banana regime. For zeff = 4, 80% of the electrons, but none of the ions, are in the
banana regime.
b. Liquid Nitrogen Operation of Alcator (B ~ 100 kG).
We expect
For n~ 10 /cm : T ~ 4 keV, T. " 2 keV.e 1
From Fig. VII-10, for zef f = 4, somewhat surprisingly, only the outer 1/3 of the ion
plasma is in the banana regime, even at T. = 2 keV.i
General Remarks
1. The values Zeff = 1,4 are the most optimistic and the most pessimistic limits,
respectively.
2. For more accurate results, the average values of Te,i, q, and Zeff should be
replaced by their radial profiles. For example, the Princeton ST results indicate for
Zeff a variation from >3 at r = 0 to 2 at the plasma edge.
3. Since the temperature falls off with radius, Fig. VII-10 should be used with
T . lower than the average value to determine the plasma regime, near the edge.e, 1
4. Overall these curves point to the overwhelming importance of achieving the
highest possible ion temperatures. Unless the ions can be taken into the banana regime,
extrapolations of present results to reactor-type plasmas will remain uncertain.
D. J. Sigmar
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